The Polyakov-loop-extended Nambu Jona-Lasinio model is extended to finite isospin chemical potential case, which is characterized by simultaneous coupling of pion condensate, chiral condensate and Polyakov loop. The pion condensate, chiral condensate and the Polyakov loop as functions of temperature and isospin chemical potential are investigated by minimizing the thermodynamic potential of the system. The resulting (T, µ I ) phase diagram is studied with emphasis on the critical point and Polyakov loop dynamics. The tricritical point for the pion superfluidity phase transition is confirmed and the phase transition for isospin symmetry restoration perfectly coincide with the crossover phase transition for Polyakov loop. These results is agreement with the Lattice QCD data.
Introduction
Confinement and chiral symmetry breaking are the fundamental properties of QCD in the nonperturbative domain. In principle, the color liberation associated with deconfinement is a phenomenon distinguishable from the chiral symmetry restoration phase transition, but it is likely that the mechanism of confinement would be closely related to chiral dynamics [1] . It have been argued that the confined vacuum necessarily breaks the chiral symmetry and the energy scale of confinement is less then the energy scale of chiral symmetry breaking: Λ QCD for confinement and ∼ 4πf π (f π is the pion decay constant) for chiral symmetry breaking [2, 3] . In contrast with the situation at zero temperature, the lattice data at finite temperature suggest that the deconfinement phase transition and chiral symmetry phase transition occur at the same temperature [4] [5] [6] [7] [8] [9] . Despite the attempts to explain above behaviors, the underlying reason is still unknown.
QCD phase diagram and thermodynamics has been the subject of intense investigation in recent years. Lattice simulations is a principle tool to explore the qualitative features of strongly interacting matter and make quantitative prediction of its properties. Over the years, this formulation has given us a wealth of information about the phase diagram and thermodynamics at finite temperature and limited chemical potential [10] [11] [12] [13] [14] [15] [16] [17] [18] . In response to the lattice simulation, many phenomenological models in terms of effective freedom degrees have been proposed to give an interpretation of the available lattice data and to make prediction in the region of phase diagram that can't be reached on the lattice yet.
As an effective chiral filed theory, classical Nambu-Jona-Lasinio model (NJL) [19] [20] [21] can illustrate the transmutation of originally light quark or massless quark into massive quansiparticles and generate the pion as GoldStone bosons of spontaneously broken chiral symmetry at the same time. This type models have also been used extensively to explore color superconductivity phase transition at high baryon density [22] . However, NJL models have a principle deficiency. The reduction of the local color symmetry to the global color symmetry leads to quarks not confined in standard NJL. To cure this problem, an improved field theoretical quasiparticle model, a synthesis of Polyakov loop dynamics with NJL(PNJL), has been proposed to interpret the Lattice QCD results and extrapolate into the regions not accessible by lattice simulations [23] [24] [25] [26] [27] [28] . For the chiral symmetry breaking, chiral condensate can be used as an order parameter for chiral phase transition in the chiral limit. In contrast, the deconfinement phase transition has a definite meaning only at an infinite quark mass, which the expectation value of Polyakov loop serves as an order parameter. Since the Z(3) center symmetry is explicitly broken in the real world with finite quark mass, no rigorous order parameter is established for deconfinement phase transition [29] . However, the Polyakov loop can still act as an indicator of a rapid crossover towards deconfinement for finite quark mass. The motivation behind the PNJL model is to unify the aspects of chiral symmetry breaking and confinement through introducing both the chiral condensate and the Polyakov loop as classical, homogeneous fields which simultaneously couple to quarks according the symmetry and symmetry breaking patterns of QCD.
The effectiveness of PNJL model has been tested in the literature by confronting the PNJL results with the Lattice QCD data. It has been reported that the two flavor PNJL model can reproduce the result that the crossovers for deconfinement phase transition and the chiral phase transition almost coincide [25, 28] . For finite quark chemical potential, further investigations also suggest that the thermodynamics and susceptibilities obtained in PNJL model is perfectly in agreement with the corresponding Lattice QCD data [28, 30, 31] . In addition, the PNJL model has been extended to include the diquark degrees of freedom and used to explore the phase diagrams in high baryon chemical potential [32] . Though the PNJL results have a satisfactory agreement with some lattice data, there still need to perform further test of the PNJL since for finite baryon chemica potential the available lattice simulation is limited only in the low region.
It is well known that there is no sigh problem for the lattice calculation for the case with finite isospin chemical potential and zero baryon chemical potential [33] [34] [35] [36] . Therefore, it is interesting to investigate the phase diagram and thermodynamics in the framework of PNJL model at finite isospin chemical potential and compare the results with the corresponding lattice data. In [37] , the authors have extended the PNJL to the case with low baryon and isospin chemical potential without considering the pion condensate. Both the effective filed theory [33] and lattice calculations [34] [35] [36] have shown that the pion superfluidity phase (a Boson-Einstein condensate) may occur in high enough isospin chemical potential. Therefore, it is necessary to extend the PNJL model to high isospin density region through including the pion condensate degrees of freedom and give further test of the validity of the PNJL by confronting the corresponding Lattice QCD data. In addition, due to the limitation of lattice simulation, the talk between effective fields theory and Lattice QCD is needed.
The primary purposes of this paper is to derive the formulation of the PNJL model with simultaneously considering the pion condensate, chiral condensate and Polyakov loop degrees of freedom at mean filed level and then use it to explore the phase diagram of two flavor QCD to compare with the corresponding lattice data. The emphases will be put on the critical point and the impact of Polyakov loop dynamics. For simplicity, the freedom degrees of diquark is not included in this paper and the baryon chemical potential is limited in low region.
PNJL model at finite isospin chemical potential
Extending the work [28] to finite baryon chemical potential and isospin chemical potential case, the lagrangian of two-flavor PNJL model is given by
where ψ = (ψ u , ψ d ) T is the quark field,
The two-flavor current quark mass matrix ism 0 = diag(m u , m d ) and we shall work in the isospin symmetric limit with m u = m d ≡ m 0 . The quark chemical potential matrixμ takes the form
where µ B is baryon chemical potential corresponding to conserved baryon charge and µ I is isospin chemical potential corresponding to conserved isospin charge. A term proportional to λ is introduced in (1) which explicit break the U I 3 (1) symmetry (Below we call it as I 3 symmetry). The purpose of introducing a small constant λ is to compare the results obtained in PNJL with the corresponding Lattice data. A local, chirally symmetric scalar-pseudoscalar four-point interaction of the quark fields is introduced with an effective coupling strength G.
In comparison with the classical NJL lagrangian, the gauge field term 
with β = 1/T the inverse temperature and A 4 = iA 0 . In a convenient gauge (the so-called Polyakov gauge), the Polyakov loop matrix can be given a diagonal representation [29] . The coupling between Polyakov loop and quarks is uniquely determined by the covariant derivative D µ in the PNJL Lagrangian (1). For simplicity, the temporal component of Euclidean gauge field A 4 is treated as a constant in PNJL, and the Polyakov loop is reduced as
Corresponding to above expression, the trace of the Polyakov loop, Φ, and its conjugate,Φ, is treated as classical field variables in PNJL. The temperature dependent effective potential U(Φ,Φ, T ) is used to mimic pure-gauge Lattice QCD data, which should have exact Z(3) center symmetry. In this paper, we will use the potential U(Φ,Φ, T ) proposed in [28] , which takes the form
with
A precision fit of the coefficients a i , b i is performed to reproduce the lattice data and T 0 = 270MeV is adopted in this paper.
To describe the spontaneous chiral symmetry breaking and I 3 symmetry breaking, we define the chiral condensate as
with σ u = ūu and σ d = d d , and the charged pion condensates
where τ ± = (τ 1 ± τ 2 )/ √ 2 and τ i is the Pauli matrix in flavor space. In the chiral limit, nonzero condensate σ indicates spontaneous chiral symmetry breaking, and nonzero condensate π indicates spontaneous I 3 symmetry breaking. The phase factor θ describes the direction of the I 3 symmetry breaking. For convenience, we adopt θ = 0 in the following and the pion condensate can be expressed as
This choice of the I 3 symmetry breaking direction is consistent with the form of the explicit isospin breaking term introduced in (1). Using the standard bosonization techniques, the mean filed lagrangian of PNJL takes the form
with the gaps
The thermal dynamical potential in the mean filed level is expressed as
where the sum is taken over Matsubara frequencies w n = (2n+1)πT and the trace is taken over color, flavor and Dirac indices. The momentum dependent inverse quark propagator matrix including both chiral and pion condensates in flavor space takes the form
Using the identity Tr ln(X) = ln det(X) and the technique
the thermal dynamical potential(15) can be further expressed as
with quasiparticle energy
Performing the remaining color trace, the integrand of last term on r.h.s. (18) is given by
From (18) and (19), we see that the trace of the Polyakov loop Φ and its conjugateΦ can still be factored out despite the appearing off-diagonal terms in the inverse quark propagator. It is easy seen from (19) that the classical NJL model is restored from PNJL when Φ andΦ approach 1.
Minimizing the thermal dynamical potential (18) , the motion equations for the mean fields σ, π, Φ andΦ are determined through the coupled equations
This set of equations is then solved for the fields σ, π, Φ andΦ as functions of the temperature T , baryon chemical potentials µ B and isospin chemical potential µ I . Note that when there exist multi roots of these coupled equations, the solution corresponding to the minimal thermodynamical potential is favored. The NJL part of the model involves three parameters: the current quark mass of u and d, the local four fermion coupling constant G and the three-momentum cutoff Λ. In this work, these parameter are fixed to reproduce three physical quantities in vacuum: pion mass m π = 140MeV, pion decay constant f π = 93MeV and chiral condensate ūu = d d = σ 0 /2 = (250MeV) 3 with
Once Ω is known, the thermodynamic functions that measure the bulk properties of matter can been obtained. For an infinite system, the pressure p, the entropy density s, the baryon number density n B , the isospin number density n I , the flavor number density n u and n d , the energy density ǫ and the specific heat c are all derived from Ω.
For µ B = 0, the trace of Polyakov loop Φ is equal to its conjugateΦ and both fields are real. Without concerning the isospin chemical potential, numerical results suggests that the crossover phase transitions for the chiral condensate σ and for the Polyakov loop Φ almost coincide in PNJL and the difference between the two transition temperatures is within 5MeV [28, 30] . Following [28] , we define T c as the average of the two transition temperature and we verified the result that T 0 c = 0.227GeV [30] for µ B = µ I = 0. Since the PNJL model uses a simple static background field representing the Polyakov loop and reduce the gluon dynamics to chiral point couplings between quarks, this model can not be expected to work beyond a limited temperature and quark chemical potential. It is assumed this model works up to an upper limit of temperature with T ≤ (2 − 3)T 0 c because the transverse gluon degrees of freedom will be important for T > 2.5T 0 c . By and large, the isospin chemical potential is limited in the range |µ I | < (0.5 − 0.6)GeV and baryon chemical potential is limited in the range µ < 0.3GeV for not considering the diquark condensation. For simplicity, in this paper we only consider the case for µ B = 0.
Results

For λ = 0 and µ B = 0
For λ = 0, the charged pion condensate π is the true order parameter for the pion superfluidity phase transition. Previous investigations based on the QCD effective field theory [33] and lattice simulations [34] [35] [36] have shown that pion superfluidity phase occurs when µ I > µ c = m π /2 for T = 0 and µ = 0, where the phase transition is second order. At sufficient high temperature and µ I > µ c , the pion condensate evaporates and the spontaneous breaking I 3 symmetry and parity are restored. The lattice calculations also suggest that the pion condensate vanishes for sufficient high µ I and this I 3 symmetry restoration phase transition may be first order for high enough µ I . Therefore, there should exist a tricritical point (TCP) in the (T, µ I ) phase diagram. We will show below that these conclusions can be verified in our calculation within the PNJL model. c . The dependence of Polyakov loop Φ on T is similar to the zero µ I case. In the low µ I region, the I 3 symmetry restoration is second order. With increasing µ I , the evaporation of the pion condensate gets more and more abrupt and the I 3 symmetry restoration phase transition eventually becomes first order. Fig. 1(c) shows that Φ is also discontinuous at the first order phase transition point T ′ c . This indicates there exists a TCP in the (T, µ I ) phase diagram, which was first proposed in [35] by using lattice simulation. Although chiral condensate is suppressed by the pion condensate, it still keeps considerable value in the low µ I region with µ I > µ c . Fig. 2 shows that the crossover phase transitions for the chiral condensate σ and for the Polyakov loop Φ also perfectly coincide at T c with T ′ c < T c < T 0 c . Therefore, if we define the peak of the Polyakov loop susceptibility 1 as the deconfinement phase transition point, the pion superfluidity phase is always confined at low µ I region. For high µ I , chiral condensate is greatly reduced and it has no meaning to compare the chiral susceptibility with the Polyakov loop susceptibility. Numerical results indicate that the peak of Polyakov loop susceptibility coincide with the pion condensate vanishing point for high enough µ I , while for the not too large µ I the difference of these two points is within a few MeV. This point will be illustrated more clearly in the next section with considering a small I 3 symmetry breaking term. Therefore, we get conclusion that the pion superfluidity phase is always confined. The isospin chemical dependence of σ, π and Φ are plotted in Fig. 3 . For a fixed T , the Polyakov loop Φ is always an monotonic increasing function of µ I and the scaled chiral condensate is always the decreasing function of µ I . These points also qualitatively coincide with the lattice results [35, 36] . For T = 0.18GeV, pion superfluidity phase occurs at µ I = 0.075GeV which is very close to µ c and the phase transition is second order. The scaled pion condensate first increases with the increasing µ I and then decreases with the increasing µ I until it abruptly vanishes at µ I = 0.456GeV. For T = 0.215GeV, both the isospin breaking phase transition and isospin symmetry restoration phase transition are second orders. Numerical results suggests that the peak of ∂Φ/∂µ I is at the vicinity of the pion condensate vanishing point, which also indicate that the I 3 symmetry restoration phase transition and the deconfinement phase transition coincides within the PNJL model. The (T, µ I ) phase diagram of two flavor PNJL model is shown in Fig. 4(a) , in comparison with the standard NJL phase diagram described by Fig. 4(b) . We only plots the phase diagrams in the range µ I < 0.5GeV since the investigation for more high isospin chemical potential is beyond the capability of the NJL type models. The PNJL phase diagram is qualitatively consistent with the lattice results given in [36] . Fig. 4(a) shows that the pion condensate always vanishes above T 0 c . The TCP is located at (0.21GeV, 0.3GeV), which indicates that the phase transition for I 3 symmetry restoration in the region T < 0.21GeV is always first order. Note that numerical study suggests that the standard NJL model also sustain the existence of the TCP in the (T, µ I ) phase diagram. The TCP obtained in standard NJL is at the vicinity of (0.14GeV, 0.4GeV). However, the standard NJL has no capability to give the information concerning the deconfinement phase transition. 3.2 The case for λ = 0 and µ B = 0
The previous lattice simulations for pion superfluidity phase transition are performed by introducing an explicit isospin symmetry term which is proportional to a small parameter λ in the lagrangian. The phase diagram is then obtained by extrapolating the results from λ = 0 to λ = 0. To compare with the lattice data, we also investigate the λ = 0 within PNJL formalism.
In addition, studying λ = 0 case can further deep our understanding the role of the Polyakov loop dynamics . with λ = 0, the pion condensate is no longer the true order parameter and the phase transition for pion superfluidity becomes a crossover. We perform the calculation with λ = 0.005GeV(with the same order as m 0 ), 0.0005GeV and 0.00005GeV, respectively. Fig. 5 gives the scaled pion condensate, chiral condensate and Polyakov loop as functions of isospin chemical potential at µ B = 0 for T = 0.21GeV at different λ. Fig. 5(a) shows that when λ = m 0 the chiral condensate and pion condensate will have same magnitude in vacuum, which indicates that a small explicit symmetry term has significant influence on the vacuum structure. With λ decreasing, the magnitude of π in µ I < µ c is greatly suppressed while it's influence on the large µ I region is not so significantly. We can see that shows varying of small λ has little impact on the shape of Polyakov loop Φ. Here we can get conclusion that the method taken in lattice simulation by extrapolating the results from λ = 0 to λ = 0 is reliable. For small λ, we can use the peak of the pion condensate susceptibility to indicate the crossover phase transition for I 3 symmetry breaking or restoration. In Fig. 6 , we present ∂(2Gπ)/∂µ I and ∂Φ/∂µ I obtained with the same parameters as Fig. 5 . The curve of ∂(2Gπ)/∂µ I has two peaks, which respectively corresponds to the I 3 symmetry breaking phase transition and restoration phase transition. It is shown that the peak of ∂Φ/∂µ I perfectly coincide with the one of the peaks of ∂(2Gπ)/∂µ I which is related to the pion condensate vanishing point for high µ I . Fig. 6 also shows that the peak of ∂Φ/∂µ I is insensitive to the value of λ. In comparison with the Fig. 3(b) , we find that the position of crossover phase transition for pion condensate is considerably consistent with the true phase transition point obtained for λ = 0. This results confirm that the evaporation of pion condensate at high T or µ I is simultaneously accompanied by the deconfinement phase transition, just as shown in Fig. 4(a) . The evidence for the existing of TCP is illustrated in Fig. 7 . For the high enough temperature, the curve of ∂(2Gπ)/∂µ I at different peak points has the similar shape, which indicates both peaks stand for the seconder order phase transitions. While for the low enough temperature, the peak for large µ I become significantly steeper than the left one, which indicates that this peak corresponds to a first order phase transition.
(a) (b) Figure 7 : Plots of ∂(2Gπ)/∂µ I and ∂Φ/∂µ I as functions of µ I at λ = 0.0005GeV for different temperature.
Note that above results can also be confirmed by exploring the peak positions of ∂(2Gπ)/∂T and ∂Φ/∂T at λ = 0 and λ = 0, which is shown in Fig. 8 . For low µ I = 0.08GeV, we can see that differences among three crossover phase transitions for chiral condensate, pion condensate and Polyakov loop are still within a few MeV. Fig. 8(a) also shows an indication that the extent of superposition of peak of ∂Φ/∂T with ∂(2Gσ)/∂T or ∂(2Gπ)/∂T is closely related to the magnitude of the explicit symmetry breaking term. For the same λ, the peaks related to the pion condensate and Polyakov loop both get more and more steep with the increasing µ I , which implies that second order phase transition for I 3 symmetry restoration eventually involves into the first order phase transition. 
Conclusion and outlook
The PNJL model represent a minimal synthesis of the two basic principles which govern QCD at low temperatures: spontaneous chiral symmetry breaking and confinement. In this work, we extended the two flavor Polyokov loop Extentded NJL model to the finite isospin chemical potential case , which can be investigated by lattice simulation. By including the pion condensate degrees of freedom, the trace of Polyakov loop and its conjugate can still be extracted out and the formalism which can simultaneously couple the fields of the pion condensate, chiral condensate and Polyakov loop is obtained. Within this framework, we have explored the dependence of the pion condensate, chiral condensate and Polyakov loop on temperature and isospin chemical potential and plotted the two flavor (T, µ I ) phase diagram at the mean field level. Our calculations confirmed that there exists a tricritical point in the (T, µ I ) phase diagram. We also got that the isospin symmetry restoration phase transition is coincide with the crossover phase transition for Polyakov loop. These results are qualitatively or quantitatively consistent with the previous lattice simulations. Therefore, our results provides further test on the validity of this enhanced quasiparticle model. At the same time, the conclusions obtained within PNJL model also give a way to test the reliability of the lattice data.
In this paper, we only explored the (T, µ I ) phase structure of two flavor PNJL at zero baryon chemical potential. In our forthcoming paper, we will investigate the Polyakov loop dynamics on the phase structure, thermodynamic and meson properties at finite temperature, isospin chemical potential and baryon chemical potential. Further exploration on the phase diagram and meson properties of the three flavor PNJL model by including the strangeness chemical potential is also underway.
